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Chapter 1

Introduction

1.1 Prelude and Overview

What is Classical Mechanics (CM)?

CM deals with the motion of material objects through space and time and
with the laws that govern that motion.

Analysis:
Let’s go through this definition step by step:

(i) Material objects: The central property of the objects of CM is (inertial)

mass. We will see soon that mass is to be interpreted as resistance to
acceleration.
An important concept is that of a mass point: < a pointlike particle
with mass as its only property. Certainly, the idea of a (classical) mass
point is an idealization, but it is a useful one for two reasons: it greatly
simplifies actual calculations and it often is a good approximation even
if the objects are not small. Think of the Solar System. What makes
the idea of viewing the planets and the Sun as mass points work is that
the distances between them are large compared to their sizes.

(ii) Motion through space and time: There are a few (operational) things
to be said about space and time (pertaining to this course).

Space: is three-dimensional and Euclidian.



— One can define Cartesian coordinate systems, and the mathematical
description of what happens in space is facilitated by vector algebra in
R3.

Time: is just a homogeneous parameter.

—Motion: an object passes (continuously) through different positions
as time goes by, i.e., motion can be characterized by a trajectory r(t)
and its derivatives:

e trajectory r(t) — ‘kinematics’:

mathematical description
of motion without
consideration of causes (forces)

e velocity v(t) = Zr(t) = i(t)
e acceleration a(t) = Lv(t) = v(t) = ¥(?)

Extensions of the notions of space and time (beyond this course)

— special theory of relativity — 4-dimensional “Minkowski” space
(space-time)
— general theory of relativity — (locally) curved space

— quantum mechanics — oco-dimensional Hilbert space

(iii) The governing laws: So, what causes the motion of objects? The
answer—according to Newton—is: forces. Analyzing the motion of
objects subject to forces is called dynamics (in contrast to kinematics,
where forces are not considered). This analysis is built on Newton’s
Laws, which we will recap shortly.

But first, let’s ask: What are we going to do in PHYS 3010 given that
Newton’s Laws are studied in PHYS 1010 and 20107

The answer is: We will develop and apply alternate formulations of CM, the
so-called Lagrangian and Hamiltonan formulations (which are equivalent to
Newton’s). Why?

e To gain insight into the foundations of CM and physics in general. For
instance, we will discuss Hamilton’s principle which is an example of a
variational principle. Variational principles are in use in other branches
of physics, e.g. in quantum mechanics.



e To learn a powerful problem-solving technique (i.e., the application of
the Lagrangian Equations of Motion).

1.2 Recap of Newtonian Mechanics

1.2.1 Newton’s Laws (1687)

Lex prima: “Every body continues in its state of rest, or uniform motion in
a straight line, unless it is compelled to change that state by forces impressed
upon it.”

Lex secunda: “The change of motion is proportional to the motive force
impressed and is made in the direction of the line in which that force is
impressed.”

Lex tertia: “To every action there is always imposed an equal reaction;
or, the mutual actions of two bodies upon each other are always equal and
directed to contrary parts.”

In addition, Newton formulated a corollary which is sometimes called his
fourth law. Its content is the principle of superposition of forces, i.e., it
states that forces add like vectors and that it is the net force that causes
the change of motion of an object according to his second law. Moreover,
he gave a definition of the ‘motion’ referred to in that law. It is the (linear)
momentum

p=mv

with the mass m and the velocity v.

Analysis

e The first law is Galileo’s principle of inertia. It includes the insight that
the states of rest and uniform motion are equivalent. As a consequence,
the descriptions of physical processes from the perspective of two ref-
erence frames which move uniformly with respect to each other are
also equivalent. In other words, this postulate introduces, somewhat
implicitly, inertial reference frames and Galilean transformations.



Definition of an inertial reference frame: a reference frame in which
a forcefree body moves uniformly or is at rest (i.e., a system in which
Newton’s first law holds).

r (1) = R(t) + ry()

= rrel TVttt r2(t)

rel

val(t) = Vrel + VZ(t)

—a,(t) = a,(t)

Figure 1.1: Mass point m seen from two reference frames which move uni-
formly (R(t) = rye + Viat) with respect to each other.

According to the first law we have:

if F=0 — a;=a3;=0
if F#O — 312327&0

e The second law tells us (quantitatively) what happens if one or more

than one forces act on a body. It is the fundamental equation of motion
(EoM) of CM:

I.):Fnot EZFZ

d
— E(mV) = Foet



if 7 = 0: mv =ma =mf = F,

m = 0 is certainly fulfilled for mass points, but m # 0 is possible,
too: Think of a rocket whose fuel is burnt. In more general terms (and
beyond the scope of this course) Einstein showed us that m # 0 is
actually not the exception but the rule, because the mass of a moving
object depends on its speed, and therefore (in general) on time.

Consequences:

(i) If 0 =F, =p = p = const — recover first law!

(ii)  Invariance of EoM wrt. Galilean transformations (see above):
Sl:Flzmalzmazze:Sg

This is why inertial reference frames are so important: the forces
are the same in all of them, hence they are all equivalent for the
description of a physical process.

e The third law expresses a fundamental property of physical forces!:
action equals reaction. Let’s consider two interacting mass points:

Fi, : force on particle 1 due to particle 2
Fio=-Fxn
Fy; : force on particle 2 due to particle 1

2nd]aw

mia; = Fig = —F91 = —moay
m _ Jaa| _ e
meo |a1| ay

If one fixes the absolute scale by introducing a standard mass (the
kilogram) the last equation expresses a dynamical definition of mass in

Lwhich, according to our current understanding of the fundamental interactions, has
to be formulated somewhat differently in modern physics.



terms of accelerations: the smaller mass speeds up faster. Hence, we
can interpret mass as the resistance of an object to acceleration.

Figure 1.2: Tllustrations of the third law: the force vectors can be, but are
not necessarily directed along the line that joins the particles.

Note that Newton’s third law is fulfilled for the gravitational and the
electric forces, but not (at least not directly) for magnetic forces.

Further comments

(i) The physical origin of forces is (normally) not discussed in CM.

(ii) Instead, the basic problem of CM is to solve Newton’s EoM for given
forces. The EoM (normally) is a second-order ordinary differential
equation (ODE) of the form

P(t) = f(r,1,1) (+ initial conditions)

Unfortunately, analytical solutions are only known for a few cases, but
numerical procedures are readily available (see, e.g., the various com-
puter problems in [FC]).

(iii) Conservation laws—briefly reviewed in the next section—emerge as
consequences of Newton’s Laws.



1.2.2 (Linear) momentum, angular momentum, work,
and energy

a) Momentum

simplest situation: one forcefree mass point (MP):
F=0 =— p=mvyg=-const momentum conservation

— r(t) =10+ Vot uniform motion

< system of N MPs and some useful notions:
e ‘internal force’ fy;: (force exerted on MP k by MP 1)
e ‘external force’ Fj: external force on kth MP

e ‘isolated system’: a system without external forces
(Fr=0for k=1,...,N)

o total mass: M = S0 my

e centre of mass R = - fozl MET

e centre-of-mass velocity: V = R = ﬁ Z;ngzl MV

e total = centre-of-mass momentum: P = MV = ij:l MV = ij:l Pk

e position of a MP wrt. centre of mass: ', =1, — R

Figure 1.3: Definition of the centre of mass.



< EoM of kth MP:

P =

note that f., =

N
Fk—l-me

i=1
—fx — =0
N N

ZFk—l- kal

k=1 ik=1
(3 law)

Fewt + 0

10

The centre of mass of a particle system moves as if it were a single particle
of mass M acted on by the total external force.

Momentum conservation (holds in isolated systems):

lf Fewt == 0

— P=0 =— P =const

This makes the centre of mass a convenient choice for the origin of an
inertial reference frame (for an isolated system).

b) Angular momentum

definition for one particle:

1
1]

rxp=m(rxv)

= [=rpsiny
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Figure 1.4: On the left panel the angular momentum vector points out of the
yz-plane, on the right panel it points into it.

g i:%(rxp):m(vxv)jtrxp:er

definition: torque N =r x F

— iI=N

if N=0 =— 1=0 = 1= const

The former equation is the fundamental EoM for rotational motion. The
latter expresses angular momentum conservation.

N=0 if (i) F=0

(25)  F | r central force

Let’s consider a system of N MPs. The total angular momentum is defined
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L(t) = Y Lt
= Y (re(t) x pr(t))

k

—)]: = Z(I’k ka)

k
— Z(rk x Fp) + Z (r % fri)

k=1 ik=1

<: Z(I‘k X f]m) = Z(I‘Z X fzk) = %Z {(rk X sz) + (I'Z' X fzk)}

- %Z{(rk X i) — (vs x fi) }

1
— 5 Z {(I‘k — I'i) X fm}
i,k

total torque is defined as

N:Z(I‘k X Fk) :ZNk

k

Accordingly, we have derived

if N=0 — L=0 =— L =const

In particular, total angular momentum is conserved in isolated systems.

c) Work and energy
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Let’s start again with one MP. The most general definition of work is as
follows: if r(¢) is the path on which the MP travels in the time interval [to, ]
the associated work W is

LV‘::/{:F(r@U, v(t'), t') - v(t) dt'.

If the force is a vector field, i.e., if F = F(r) W is given by a line integral

W = / F(r) dr  with r(t)
dr = V[((t’) dt’
r(t,)
Discussion:
(i) For uniform F and rectilinear motion: W =F -r
(i) W=0ifF L dr

Example 1: If you simply hold (but do not move) a mass m in Earth’s
gravity field — W =0 (since v = 0)

Example 2: uniform circular motion

r = (Rcoswt, Rsinwt)
v = (—Rwsinwt, Rwcoswt)
a = (—Rw’coswt, —Rw’sinwt)
= —uwr
—ma = F(r)
= —mw’r

— F-v=0 << Fldr=vdt = W=0
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Let’s connect work with Newton’s EoM:

to

< | /tF(r(t’),v(t'),t’) v (t) dt’
%yqn[%wvayw

m [t d
— 5/t @(Vz(t')) dt
0
m

= (Vz(t) — V2(t0))

2
1
= %(Pz(t) —p*(t))
definition: kinetic energy
m p?
T=—-vi=--2>0
2 2m

—  T(t) =T(ty) + W(ty — t) ‘work-energy theorem’

The work-energy theorem holds for all forces. A stronger relation is obtained
if the force field is conservative. For a conservative force a scalar potential
energy function U exists such that

F(r) = -VU(r)

Note that U is defined only up to a constant by this equation. Normally one
fixes this constant by requiring U(r) =% 0. The conservativity of a force
can be formulated in different (but equivalent) ways:

=-VU <= VxF=0
0 N\ 0

2
/F(r)-dr = %F-drzo
1 c

independent of path
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work — energy theorem — W =U(1)-U(2) = T(2)—T(1)
= TH+U(1) = T2)+U(2)

E=T4+U = const conservation of energy

In a more general situation the total force might consist of conservative and
dissipative parts

F = Fconservative+Fdissipative

V x F = VxFgs # 0

< Newton’s EoM:

mv = —=VU(r) 4+ Fyss |-v
Fiss-v = mvv+VUv
d/m ,
= Fawv = 25V 4URD))
d dE
< E(T_'_U)—E—Fdzssv

energy is not conserved in this case, but changes according to the power
associated with the dissipative force.

Let’s consider a conservative N-particle system. Starting from Newton’s
EoM p, = Fy + Zf\il fr; one obtains (see Appendix A.1)

%(TJrU) ~ 0
T+ U = FE = const

energy conservation

where

o T'=3, T, =3, 5:vi: total kinetic energy
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e U=>", Uk7+ Zkg Ui = YU+ % Zk# Up;: total potental energy
(note that Uy; = Uy,)

if the following applies:
(i) Fr = Fi(rr) = —ViUk(rk) (conservative external forces)
(il) Vi x fi; = V; x i = 0 (conservative internal forces)

(iil) fx; = fri(rr — r;) = —fix(ry — r;) (internal forces fulfill Newton’s third
law and depend only on the relative coordinate rj — r;).



Chapter 2

Hamilton’s Principle —
Lagrangian and Hamiltonian
dynamics

2.1 Preliminary formulation of Hamilton’s prin-
ciple (1834/35)

Of all the possible paths along which a particle may move from one point to
another in a given time interval [¢;,?5] the actual path followed is that which
minimizes the integral

S:/t2(T—U) dt

t1

Comments:

(i) L:=T — U: Lagrangian (function)
obviously, the Lagrangian has the dimension of an energy, but it is not
the energy of the system. Note that the definition implies that the
system under study is conservative.

(i) S = fttf L dt: ‘action integral’

(iii) Hamilton’s principle (HP) is an integral principle (in contrast to New-
ton’s law of motion)

17
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(iv) HP is a fundamental principle of modern physics.

r, =r(t)

Figure 2.1: Hlustration of Hamilton’s principle

(v) EoMs can be derived from HP
in order to do this we need a few basics of the calculus of variations.

2.1.1 Calculus of variations

given: reasonably well-behaved function f(x,z,t)

sought-after: ‘path’ z(t) with x(t;) = =1 and x(ty) = =5 such that
to
I= / flz, &, t) dt assumes extremum value
t1

Theorem: a necessary condition for I to assume an extremum value for z(t)
is Euler’s equation:
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Proof: assume that x(t) is the sought-after path
define neighbouring paths by

w(a,t) = 2(t) +an(t)  withn(ty) = n(ty) = 0

< d(at) = i(t) + an(t)

the arbitrary function 7(t) describes the deformation of the path and the
(real) parameter « is a scale factor that determines its magnitude

“ /t * o t), o, ), 1) dt = I(a)

the integral can be viewed as an ordinary function of «. If this function
assumes an extremum value at o = 0 (i.e., for z = x(0,¢)) it follows that

dl

@‘QZO =0
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let’s work out the derivative:

dl d [* .
% - % " f(flf(Oé,t),I(Oé,t),t) dt

_ /: %f(x(a,t),d:(a,t),t) dt

2 ofor  Of Oi
= / (5090 * 575a)
= [ (5w + Eoiw) a

: . 2of of t2 “2d of
integration by parts : = n(t) dt + == n(t) L /t1 pm <%>n(t) dt

., O i

(since n(t1) = n(t2) = 0)

d] t2 af d 8f
dala=o 0= /tl (% - %%) n(t) dt for x = z(0,t)
wousger  Of _ d0f _

Elementary example:

shortest distance between two points in a plane

length of path: I = [ 1+ a2 dt

0_f_0; of @ Euler d< & ):0
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5 =0y = a(t) =Cot + Cs (rectilinear path)

Remarks:

(i)

(i)

(iii)

A more interesting (and quite famous) application is the so-called
brachistochrone problem. It is example 6.2 in both [Tay] and [TM].

If the first derivative of a function vanishs the function is said to be
stationary at that point. Stationarity is necessary, but not sufficient for
a a minimum (not even for an extremum). Since the Euler equation is
equivalent to the stationarity of I at &« = 0 we don’t know if its solution
really minimizes the integral. In fact, there are counterexamples (see,
e.g., Chap 6.3 of [Tay]) and, accordingly, a more cautious statement of
HP (which will be discussed later) refers only to the stationarity of the
action integral. For practical applications, this is of no concern.

d-notation
It is quite common to use a short-hand notation in variational calculus—
the so-called d-notation. To introduce it let’s go back to the calculation
of j—i on the previous page. We had
dl 2,0 d o
— :/ <_f — __f) U(t) dt
da ., \Ox dtozx

this can be rewritten by noting that n(t) = g—z and multiplying both
sides by a ‘small’ scale factor da

dI 2 9f  dOf\ Ox
ol = / (5r ~ i) goderdt

2 9f  dof

with the ‘variations’ /1 = j—ida and dx = g—zda.
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The stationarity of I is then expressed as
of = 0
to to
= 5/ flz,a,t) dt:/ of dt
t1

t1

t2
WACETIPS

More about the d-notation: [TM], Chap. 6.7

A more rigorous definition of variations 0/ and dx is based on the
mathematical notion of a functional. A functional I[z] is a generalized
function: it maps a function to a number: z(t) — I. Our integral is a
typical example

Ia] = /t ) dt

One can construct a calculus for functionals, i.e., set up precise defi-
nitions and rules of how to differentiate them. Functional derivatives
then turn out to be closely related to our variations, i.e., the calculus for
functionals provides a foundation of the symbolic notation introduced
above.

(v) More on calculus of variations: [TM], Chap. 6; [Tay|, Chap. 6

2.1.2 HP for a simple case

< 1 single mass point in one-dimensional world

L=T-0U="4 U)= L) Fla)=-7
x
t2
HP 5525/ L(z,%) dt =0
t1
— ia—L — 8—L 0 Lagrangian equation
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let’s work out the derivatives:

oL _ .odoL_ .
o 0 ator
oL aUu

W d @

— mi=F(x) <= Lagrange <= HP

Appendix A.2 deals with the question of whether S always assumes a mini-
mum on the actual path (in the 1D world).

2.2 Constrained systems and generalized co-
ordinates

2.2.1 Preliminary for one mass point

a) Examples for constraints

(i) Motion on an inclined plane (without friction)

constraint: z = (—tana)x + h

— number of degrees of freedom (dofs) is
reduced to 2
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(ii) Motion on the surface of a sphere (no friction)

V4
A

4

’ constraint: 2% + y% + 22 = R?

R
»X

K/ — two dofs

(iii) Motion on the rim of a circle of radius r* = R? — 22

7 constraints: 2% + y? + 22 = R?
4 2=z < R
— one dof

special case: zp = R:
zero dof (particle cannot move)

if zg >R the two constraints are not compatible

(iv) Planar pendulum

constraints: z =0

Yy
4 oy | =17+ y? = const

same as example (iii)

all constraints in examples (i) - (iv) are characterized by equations
of the form f(x,y,2) = 0. They are called scleronomic-holonomic
constraints.



(vi)
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But there are other types of constraints:

Bead on a uniformly rotating wire

y constraints: y = tan(wt)x
z2=0

¢ = ot — one dof
» X

the first constraint is characterized by an equation of the form
f(x,y,z,t) =0, i.e., the constraint involves the time. It is called
rheonomic-holonomic.

Mass point within a spherical container

A

K\ constraint: 2 + 4%+ 22 < R

variant:

2yt 42 > /P

— these are nonholonomic constraints (characterized by inequal-
ities)
— number of dofs is not reduced.
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(vii) Disk rolling on a horizontal plane (without slipping)
centre of mass velocity is locked to angular velocity
w = 1. Hence:

vem = Euou cos @i =+ sin <pj'

NZ E— Y 4 B :

VoM = R’(/J

>((P R — differential (nonholonomic) constraints:
X drepy = £Rdy cos @, dycy = £Rdy sin ¢
bird eye’s view (for a
special situation) — number of dofs is not reduced
Summary

scleronomic :  f(z,y,2) =0

holonomic constramts{ rheonomic :  f(z,y,2,1) = 0

inequalities

nonholonomic constraints { differential

holonomic constraints reduce the number of dofs, but nonholonomic
ones do not.

b) Generalized coordinates and Lagrangian equations

< one-particle system with holonomic constraint f(x,y,z) = 0. Let’s
assume that the equation of constraint can be solved for z = z(x,y).
Then, the z-coordinate can be eliminated from the Lagrangian:

—) L(x7y7zﬁjj7,gﬁz"t) - L(x7y7z(x7y)7$?y7Z(x7y7$7y)?t)
= L(v,y,,9,1)

see example (i): inclined plane
constraint: f(x,y,z) =h—xtana —z=0 <= z(x) =h —zrtana
in addition let’s assume y = 0 and that gravity acts on the particle:
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T = %sz %(j:2—|—?)2+22):%(:b2+j:2tan2a)
U = mgz=mg(h— zrtana)
— L=T-U = %xa(l—i-tanza)—mg(h—xtana)
= L(z,%)
doL 0L
HP Lot 9y
dt 0r  Ox
work out the derivatives:
oL :(1 + tan? a) d oL mi 0L .
— =mg an‘a), —— = ———, — =mgtana
ot T dt 0r  cos?a’ Ox g
h2eg: mi — mgtanacos’a =0
— I = gsin o cos a
solution : z(t) = %(sin acos a)t? + Cit + Cy

z2(t) = h— %(sin2 a)t? — (Cit + Cy) tan

One obtains—of course— the same result in the Newtonian framework.
The treatment is, however, rather different. One has to recognize that
the plane exerts a normal force on the particle such that the resulting
(net) force points in the direction of the inclination. The acceleration is
then determined by the net force, i.e., the projection of the gravitational
force in this direction:

ma = Fhee = mgsina
integration yields

s(t) = gtz sina 4+ Cst + Cy
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this result can be written in terms of the x- and z-coordinates by using
sinaw = (h — z)/s and x = scosa. Apparently, the advantage of the
Lagrangian treatment is that it is not necessary to think about the
normal force (i.e., the force of constraint).

see example (iv): planar pendulum
let’s assume that gravity is acting: U = mgy

constraints: z = 0
xr = +£\I1?—19y?

L=T-U = 2@+ - mgy

2
_om (yz?f + 97 - y2)>
2 1?2 —y? gy
£272
m/ Yyl .
) <W> —mgy = L(y,y)
— this looks complicated!

It is a much better idea to work in polar coordinates:

r = \/m:l:const

x
tany = ——
)
< T = rsing Yy = —Trcose
= I[siny = —lcosyp
U = mgy = —mglcosyp
x = lpcosyp , y = lsinp
— L = %lzgﬁ%—mglcosap = L(p, )

Lagrangian equation of motion:

L ., ddL .

i 2= — —malsi
9 mli“¢ | TR ml“g 9 mglsin ¢

—  ml*¢ + mglsinp =0
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$p+w'sing =0, w= %

compare this to the Newtonian treatment (where another force of con-
straint, the tension of the rod, must be introduced).

For small angles one can assume sin ¢ ~ ¢
— ¢$+uwip=0 = (t)=asin(wt—pH)

for larger angles the oscillation is nonlinear and the solution much more
involved (see [TM], Chap. 4.4).

another example: (a variant of) the cycloidal pendulum

a cycloid is the path of a point on the edge of a circular wheel that
roles on a straight line. If the wheel roles in z-direction the equations
of the cycloid are

r = R(a—sina)
= R(1 —cosa)

where « is the angle through which the rolling circle rotates.

Let’s consider a bead that slides on a wire that has the form of an
inverted cycloid

r = R(a—sina)
R(1 + cosa)

The suitable (generalized) coordinate to express the Lagrangian is the
angle a. The potential energy is

U =mgy = mgR(1+ cos «)
we need

t = Ra&(l—cosa)

—Rasin o
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to rewrite the kinetic energy

T = %(:c2 +97) = mR*¢*(1 — cos a)

 L=T—U=mR**(1 — cosa) —mgR(1 + cosa) = L(a, &)

derivatives:
g—g = 2mR*a(1 — cosa)
%g—g = 2mR*(a(1 — cosa) + d*sina)
g—i = mR*d*sina + mgRsin o

Lagrangian equation of motion
= 2:(1 — cosa) + ¢*sina — %sina =0

this seemingly complicated equation of motion can be simplified by an
ingenious coordinate transformation:

=\, . 2« . . . o 1e%
step (i): use 1 —cosa = 2sin” §, sina = 2sin § cos §

. .« . (0% o
(—>2asm§+a2(:os——gcos— =0

2 R 2
step (ii): substitute u = — cos §:
. a .«
4 = —sin—
2 2
. a . a &«
U = —sln— + —Cos_—

2 2 4 2

= —(2dsing + &2 cos g)

4 2 2
EoM . g o
— u+4RU—0

this is nothing but the equation of motion of an harmonic oscillator
of frequency w = /7%. The motion is said to be isochronous, i.e., it
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has a frequency that is independent of the amplitude. To complete the
solution one has to find «(t) by using the solution u(¢) in the coordinate
transformation, and then insert a(t) in the cycloid equations to find
x(t) and y(t) (try it!).

Conclusions:

— Holonomic constraints can be used to eliminate coordinates.

— Suitable coordinates yield simple Lagrangian equations. Unfortu-
nately, there is no general recipe of how to find such coordinates.

2.2.2 N-particle systems

Let’s generalize things to be able to deal with systems with many particles
and many degrees of freedom. We start by introducing a convenient nomen-
clature:

I Iy ry
T1 Y~ T2 Y2 z2 TN YN ZN
VRN NS VAR RN
X1 T2 T3 Ty Ts Te T3N—-2 T3N—-1 L3N
my ma my
v LN VAR VAR
myp = Mg = M3 my =mMmMs = Mg mgny—2 = M3N—1 = M3N
N m 1 3N
yields, e.g.: T = Z ivf ==Y myi?
i=1 i=1

a) Classification of constraints
(i) ki scleronomic-holonomic constraints

fi(xlu"'vvxii]\/'):o ) i:17"'7k1

(ii) k2 rheonomic-holonomic constraints

fj(xl7"'aax3N7t):0 ; jzl,...,k‘g
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—  k; + ko = k holonomic constraints reduce the number of
degrees of freedom of an N-particle system from 3N to 3N — k (if
they are independent and compatible with each other).

(iii) m nonholonomic differential constraints
.. can also be characterized by equations (see Appendix A.3), but
they do not reduce the number of dofs.

Generalized coordinates and configuration space

goal: description of N-particle system in terms of suitable (generalized)
coordinates

typical starting point: Cartesian coordinates

consider coordinate transformation (xy, ..., x3n) <— (q1, .-, @3N)
x; =i(q, 3N, t) i=1,...,3N

generalized coordinates ¢, = g, (x1,...,z3n,t) p=1,...,3N
assume k independent holonomic constraints

fi(x1, ...,zsn,t) =0 [or fi(q1,...,qsn,t) =0], 7 =1,..,k

choose

GN—k+1 = fi(21, ..., Tan, 1)
t

=0
GN—k+2 = fa(21, ..., 23N, 1) =0

(ignorable coordinates)
@y = fr(zr, . v3n,1) =0

—> 3N —k independent generalized coordinates remain. They describe
the system completely.

qg = (q,...,q@3n_x): “configuration (vector)”
= point in (3N — k)—dim. configuration space
- Ty = zi(Ql>"'aq3N—k>t)
= & = gl )
T, = ——x;(q1, ..., —k
dt il 43Nk
3N—k

_ Z %q—i—%
= oq, " Ot

= Il(qaébt% 1= 1)73N
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Gu: generalized velocity

— L=1L(q,q,t)

example: double pendulum (N = 2)

Zp a1y Cartesian coordinates (z1, ..., Zg)
L ¥ constraints : 3 =2z = 0
9 my I = /2% + 22 = 4 constraints
o Iy Ip = /(x4 — 21)? + (5 — 22)?
= & —> 2 dofs

generalized coordinates:
@1 =14
characterize motion in 2 — dim. configuration space

Q2:15‘B

B=13=0, gg=26=0

Gu=Ils— 22 +23=0 ignorable

g =1lp—/(xs— 1)+ (x5 —22)2 =0

6
1
L=T-U=3 ;mzzz — g(maxy + msTs)

coordinate transformation:

1 = lasindy =lssing

To = —lgcosty = —lacosq
z3 = 0

Ty = lasing + Ipsingo

rs = —lacosq — lpcosq
zg = 0

general form v, = xi(q1,q2), 1=1,..,6
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&1 = lagicosq
Ty = laqising
3 = 0
&y = lagicosq+ Ipgacosq
T5 = laqising: +Ipgesing
z¢ = 0
general form T = Ti(q1,q2,q1,42) , 1=1,...,6

use conventional nomenclature for the masses

(mlamQam?)) — My (m47m57m6) — Mmp

to obtain the Lagrangian

;)

L

mp
+2

+ (lag1 sin gy + Ipgy sin QZ)2] + maglacosqi +mpg(lacos g + g cos go)

ma . . . . 2
- liqf < cos® ¢ + sin® ql) [(lAql cos q1 + lpgs cos q2)

ma . mp . mp . .. . .
o5 545 + 53 Adt+ - 1365 + mplalpdige ( cos gi cos go + sin ¢ sin go)
+ (ma +mp)glacosq +mpglp cos g

ma+m ) m ) ..

% 47 + TB 1345 + mplalpgige cos(q1 — q2)

+ (ma +mp)glacosq +mpglp cosq
L(q17q27QIaq2)
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2.3 General formulation of Hamilton’s prin-
ciple and Langrange’s equations for N-
particle systems

2.3.1 Hamilton’s principle

Of all the possible paths along which a particle system with 3N-k degrees of
freedom may move from one point in configuration space to another one in a
given time interval [t1, t5] the actual path is such that the action integral

to
S:/ L &.1) dt

t1

is stationary, i.e., 05 = 0.

Comments:

(i) “Path”: motion in 3N — k dimensional configuration space

qt) ={a(t), ..., a3snv-k(t), t1 <t <to}

(ii) In most cases the stationary point is a minimum.

(iii) Derivation of Lagrangian equations of motion from HP
it is straightforward to generalize the arguments of Sec. 2.1.1

— assume that q(t) is the actual path for which 65 = 0
— neighbouring paths:

QM(avt) = QM(t)+anM(t) (:u: 17"'73N_k)
q'“(oz, t) = qu(t) + O‘ﬁu(t)
with — n,(t1) = 7nu(t2) =0

— < Sldl = J;? Lla(a, 1), a(a 1), 1) dt = S(a)

. ds _
— q(t) is the sought-after path < 92 =0

a=0
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ds 29
© @ = ) g Malwnannd
- 3Nzlc 8L A4 8L%> gt
- 6 8qu Oa 8q'u Oa
= aq
3N— k 3N—-k
d 0L
= Z@q Mt Z/l o4, E@)W(t) dt
:0
d oL 0L
s ooz 92 — —
da| = 7o, oa , p=1,..,3N -k

(for g, = qu(a = 0,1))

2.3.2 Equivalence of Lagrange’s and Newton’s equa-
tions of motion

a) System without constraints in Cartesian coordinates
show:

4oL OL
N

i=1,..,3N

<~ ]f)k:Fk—l—kaj, k=1,...N
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proof:
L =T-U = Zm] Il,...,l’gN)
d OL d 8T . ) :
oL oU il
= ——=F

a detailed analysis of the last equation can be found in Appendix A.4.

Invariance of the Lagrangian equations to coordinate transformations
goal: show
doL oL doL oL _

with €T, = [L’i(ql, ...,Q3N,t) s 1= 1, ,3N

— Lagrangian equations of motion in 3NV generalized coordinates <—=-
Newtonian equations of motion in Cartesian coordinates

let’s be a bit more general and show invariance of the Lagrangian equa-
tions with respect to general coordinate transformations

qM%Qa = Qa(qat)a azl,...,n
@ = ¢(Q,t), p=1,..,n

- . d Ny, 9
ingredient : 4. = Equ(Ql,---,th):Zi‘; QBWLﬂ

= QM(QI---Qm QlQna t)

dq dq (9q _ Oq
= aTi aQa<Z 70, u>_8c2i



assuime

L(le(]na Q1Qn> t)

show i 8.L

dt 0Qq

oL
0Qu
oL
0Qq
d o
dt 9Q,,

d oL

it oQ,,

Comments:
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i(QlQm QlQm t)

oL
— = =1
0. 0, « R )
§:<Q£8%_+Q£8%>
=100, Q0 94, 0Qq
S 0L Oy _ 5 OL O,
a OL Oqu\ _ d 0L\ Oq,  OL d Oq,
(T aom) - 3| a5 e+ e
K H N——
IQa
oL d 0L\ OL | dq,
=0

(i) Special case: n =3N und Q, = z;
— Lagrangian equations in 3/V generalized coordinates <= Newtonian
equations in Cartesian coordinates

(ii) Newtonian equations of motion are invariant wrt Galilean transforma-
tions, but not wrt general coordinate transformations!

i.e.

m;x; = I does not imply mug, = F),

L(Ql(@l---Qm £), 2(Q1.--Qns t), ooy 1 (Q1..-Qy Q1...Qus B), . t)
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(iii) Holonomic constraints

assume q = {(Jl---(JSN—ka Q3N—k—1---QBN}
—_———

ignorable

HP: 0S = 0 for L= L(g1---g3n,G1---Gan, 1)

8L d OL
— 0 = Z/l 5—%_@8—%) Nu(t) dt
3N—k
d OL
Z/ o ENOR
t 3([# dt 9q,
9L  d 8L
* = 2 2 () dt
u=3N—k+1/t1 <(9qu dtaq)@(,_),
=0for p=3N—-k+1
(ignorable coordinates are not varied)
oL d OL
>~ 5a, =0 f =1,...,3N —
= | g a@og, O for p=ELendN =k

— HP <= Lagrangian eqgs. for 3N — k generalized coordinates <=
Newtonian eqs. for 3N Cartesian coordinates + forces of constraint
(see [Tay|, Chap. 7.4 for some more details on this)

(iv) Lagrangian recipe

— formulate & (holonomic) constraints

— choose 3N generalized coordinates, identify k of them with con-
straints

— set up L =T — U in 3N Cartesian (or other) coordinates

— work out coordinate transformation to 3N — k generalized coor-
dinates

— ﬁnd L = L(C]1---C]3N—k>41---Q3N—k,t)

L. 3N



— work out

S22 =0 (p=1,..3N—k)

— solve equations of motion and analyze solutions

40



2.4 Conservation theorems revisited

2.4.1 Generalized momenta

definition of a generalized (aka canonical, aka conjugate) momentum

oL

Pu:a—q“

example 1: Cartesian coordinates

= 9%, 0%, 20z,

oL 0T 1 0
Di = )

J

— usual linear momentum component
example 2: pendulum in xy-plane

I = %l%ﬁ—i—mglcosq, (g =)
L
— p = %Zml%:ml%:lz:(rxp)z
q

— z-component of the angular momentum
question: when is p, = 07

doL . oL

<~ Lagrangian eqs. : ——— = -
grangian e+ wog, T g,

oL D=0

94y Pu = gTLu = const

example 1: free particle

L = T:%;mi:ﬁ?

oL .
=0 <= p;,=m;x; = const

— =
01',-
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example 2: particle on the inside surface of a cone

let’s assume that the cone (angle «) is standing upright with its symmetry
axis parallel to the z-axis.

N
z

e constraint tana =

e generalized (cylindrical) coordinates

@ = r=\a?+y?
@ = ¢

g3 = tana — =0 (ignorable)
z

e Lagrangian in Cartesian coordinates

L:T—U:%(z2+92+22)—mgz

e coordinate transformation

= TrCosp = (1 COS (s
= rsingp = ¢ sin g

= rcota =q cota

= 10082 — q1G2Sin ga
= (18inga + q1g2 OS¢
= ¢ cota

e Lagrangian in generalized coordinates

L = 5((q1 oS @2 — q1G2 510 2)* + (1 5in g2 + q1Ga cos q2)? + ¢ cot® a) — mygq cot
2
m q .
= —( - ; —i—qfq%) — mgq; cot
2 \sin® «
= L(Ql,%,fb)

e conserved momentum

oL oL

L0 o o= O =gy = mrp = L. = const
0qs o7} !
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e remaining equation of motion

dOL _  mip
dtdq — sin’a
0L

-2
— = mqq, — mgcota
Iq 2

= (1 —qlq'%sinza—l—gsinacosa =0

eliminate ¢o by using ¢, = mp—}
1

pisin® o

— G — g + gsinacosa =0
1

Comments:
(i) equation of motion in conventional notation

I?sin’® o .
7 — ———— +gsinacosa =0
m2r3

(ii) alternate treatment with (z,¢) as generalized coordinates is also pos-
sible (and is very similar due to the linear relation between r and z)

(iii) a coordinate which is conjugate to a conserved momentum (such as
¢2 = ¢ in the previous example) is called a cyclic coordinate!

2.4.2 Energy and the Hamiltonian
a) Preparation 1: Euler’s theorem for homogeneous functions

definition: f(zj...x,,) is a homogeneous function of degree n:

<~ f(\xry, Apg, . Axy) = N f(xy.mp)

Euler: if f is a homogeneous function of degree n

m

0
= le% =nf(z1, ..., Tm)
i=1 !

lsome authors call these coordinates ignorable
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proof: y; = A\x;

%) B Of Oy
< O\ (y1> aym) Z ayz O\
_ Zﬁ
p Dy '
a n
72 0"

for A\ =1< y; = z; and

of

: I‘Za—% = nf(xl, ,I‘m) .

b) Preparation 2: a theorem concerning kinetic energy

theorem: For time-independent transformations z; <— g,
(x; = x;(q)) T is a homogeneous function of degree 2 in the generalized
velocities.

1
proof : T = izmle

8@8@,
- _Z Z@q 8q

T(Ag) = )\2T(Q)

oT
Euler E . —
—_— C_I m 9qu —

I

¢) The Hamiltonian

The Lagrangian is not the total energy of a conservative system (unless
U = 0) and normally not a conserved quantity. Still, it is useful to look
at its total time derivative:



(28 g+ 28 4) + 2
0qy, 94, ot
(0 o 280)
" Ay G dt ot
_ i( 6’_Lq-)+8_L
dt uaq'“ a ot

d
~ Lla.qg.t =
o (9,9,1)

] =1

Lag;cqs.

= a{Xni-t}=—

definition: Hamiltonian function

H=> pug,—L
n

dH oL
— piala
dt ot
H=0
- if %—f:o —
H = const

Discussion:
() [H] = [L] = [E] = Joule
(i) H=E=T+Uif

e system conservative
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e at most holonomic constraints

e time-independent transformation z; — g,

the latter two conditions are normally realized through sclero-
nomic constraints and resting reference frames

proof:
oL or ou
= 3. = a- — =0
pM aqu aqu (aqu )
orT
I I H
= T+U

(iii) conditions for H = E =T + U are sufficient, but not necessary

(iv) H=F and H = 0 are independent
<> it is possible that H =0 and H # E
< it is possible that H #0 and H = F

(iv) if conditions listed in (ii) are fulfilled and if 22 =0

= H=F=T+U = const

d) Examples
(i) one-dimensional harmonic oscillator

7="42 U:%W%Q, L:T—U:%(g‘:?—w?x?)

— H=pi—L=mi*— %afz + %wzxz = %(mz + w?r?) = E = const
(ii) planar pendulum
L = legbz + mglcosp

2
with p, = mil*p

H = p,p—L= ml*p? — %ZQQbQ —mglcosp

= %lngz —mglcosp =T + U = E = const
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(iii) planar double pendulum

ma +mp

T = #llﬂy 2 12192 +mBlAlBi9AﬁBCOS(19A—193)
U = —(ma+mp)glacosts —mpglp costp

oL . .
P o= R = (ma +mp)l304 +mplalpdpcos(Vs — Up)

A

oL , .
Py = — = mBlBﬁB + mplalga COS(ﬁA - 193)

09p

H = pa+pdp—-T+U
= (ma+mp)30% + mplalpd 405 cos(V4 — Vp)
+ mpl30% + mplalpds0p cos(94 — Up)
—T+4+U =T+U = E= const

(iv) bead on a rotating wire

rheonomic constraint : y = rtanwt <= ¢—wt =0

. . Q=T
generalized coordinates { 2= ¢ —wt=0 (ignorable)
p=ot
> X

e assume U =0

L=1T =20+ = 2+ =E
oL
H = p?’”—L:E r—L = mr2—%r2 glrzwz
= n;(r —r%W?) £ E
oL dH
BT — H = const
Lagrangian equation of motion:
doL oL 0
dtor  or

mi—mwlr = 0 < §i—wr=0
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general solution

’f’(t) = CleWt + CQE_Wt
r(t) = Ciwe* — Cowe ™
m 2 2
— H = 5{ <C’1wew - C’gwe_”> — w? <C’16“t + C’ge_“t> }
_ % {Clzwzezwt + CRwle ™t — 201 Cow? — C2ue!
— 022(,026_2Wt - 2w2C1C2}
= —2mw’C,Cy = const
— L =muw? (C’1262°"t + Cge_2°"t) = E(t)

e assume U = mgy = mgrsinwt

L=T-U= %(7’"2 + r?w?) — mgrsinwt

— L= _mgrocoswt #0 = H+0
m, .9 2 2 :
H(t) = 5(7’ —r°w?) + mgrsin wt

# E(t) = %(7”2 + 72w?) + mgr sin wt

L, H, E are all different and none is conserved!

(v) particle in a time-dependent homogeneous force field (1D)

— U(xr) = —Fyxt

L::T—U:%ﬁ+%ﬁ

H::m—L:%ﬁ—%n:T+U=E:E@
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2.5 Hamiltonian dynamics

We know that
L=1L(q,q,t)

and
H= Zpuqu - L

I

Question: H = H(?)

To clarify on what variables H depends consider the total differential

i = d( > pudy ~ Lla, 1))

oL oL oL
= E dq, + q.dp, — — dq, — — dq, p — — dt
- {pu QM QM pM aqu QM aqu qu} at
. . oL
use Lg.EoM : = E {qudpﬂ —pudqu} o dt
o

= dH(q,p,t)

on the other hand:

oH oH 0H
dH(q,p,t) = Z{— dqu+7 dpu} + = dt

- 0q, Op,, ot

OH ) 0H

compare — Dp = _a ) 4p = %
1 n

— Hamilton’s (canonical) equations of motion

Remarks:

(i) Hamilton’s EoMs <= Lagrange’s EoMs <= HP <= Newton II
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show equivalence with Lagrange’s EoMs:
L = ) pudu—H
o

= dL = Y (nddu+ dudp,) - dH(a,p,1)

"

OH OH OH
- dg, + dudp, — 2 dg, — 22 4 )——dt
use . . . . 0H
Hamilton’s EoMs - Z (p“dq“ + 4udpy + Puddy = q“dp“) ot dt
I
= dL(q,q,t)
oL oL oL
- o dg, + 5 dd,) + S dE
; <8qu og, ot
—7
oo O d OL 0L
< — 292 Ty
- dL dt 8qu 0qu
b= oqu
(ii) example 1: 1D oscillator
L = T—U:%(:ﬁ—aﬁ:ﬁ)
H = p:i:—L:m:i::'c—%i2+%w2x2:%<:b2+w2x2> —T+U=E
oL ) .p
pP=—=-=mx < r = —
ox m
2
—  H(z,p) = L2

2m 2

Note that & has been eliminated to make H a function of x and p. This
is important to obtain the correct EoMs.

EoM: p=-2% = —mu i+ w?r =
— T
p— 9H _ P )
T= "9 = m T=m
0H

— =0 — H=F = const
ot



o1

... OH oL dH .. OH
(111) E = —E = E < H = const lf E =0
(iv) system with n := 3N — k dofs:

Lagrange = n — ODEs of second order

(2n initial conditions ¢,(0),¢,(0), p=1,...,n)
Hamilton = 2n — ODEs of first order

(2n initial conditions ¢,(0),p,(0), p=1,...,n)

(v) the transformation from L to H is called a Legendre transformation

(vi) example 2: central-force problem in polar coordinates (to be discussed

later)
L=T—-U=2("+r*") ~Ur) = L(r.7,9)
L L
EoM : g— = mr, g—:mrgbz—%—U
& r r
= Dr
L L
g—(p = mrig, g—gp =0 (¢ cyclic)
= Dy
ou
. mi — mrapz + o 0
PG+ 2rip = 0

H = p,,f“+p@<p—L(r,7*,gb) with f:& and SD:p_%DQ
m mr

B (8 () )
prm_l'pcp mr2 2( " ‘I‘T m’r’2 —l— (’r’)

9 2
" p
_ P R

2m  2mr?
= H(r,p,,py)

+ U(r)



52

EoM:
_ _0H _ ¥ U _ o7
br or mrd  Or ' v Op
_O0H _ p, . OH Do
r = = —, p = — -
opr m Op,, mir?
<= Lagrange-EoM
Note:
H=F=24%+ 2;32 +U(r) correct but problematic :
only H =H(q,p,t) and L= L(q,q,t)
L=T-U=m124 ;’32 —U(r) yield correct EoMs!

(vii) “phase space”: populated by
IT= (q1...3n—k> P1---D3N k)

— phase trajectorie II(¢) characterizes dynamics of the system

Hamilton—EoMs
—

I(to) = Il I1(t)

state of a mechanical system <= phase I1

—  all observables are functions of II:  f = f(q,p,t) = f(IL, 1)

(viii) further reading: [Tay], Chap. 13
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2.6 Extensions

2.6.1 Generalized forces and potentials

a) Formulation

oU 3N
so far : —axizﬂqL;fijEfﬂ i1=1,...,3N
let’s translate this to generalized coordinates:
ou oU Ox; Ox;
_ Ti Z gi_x
dq, - Oz; Oq,, - 0q,
= Q, “generalized force components”

( = Qulqigsn—i,t))
standard Lagrangian: L(q,q,t) = T(q,q,t) — U(q,t)

pone.  4OL_doT oL _or v
' dtdgq, dtdg, Oq, 0Oq, Oq,

— alternate form of the Lagrangian equations of motion

extension: consider a generalized (velocity-dependent) potential U* = U*(q, q, t)

ou*  d oU*
with @, ( g, di 8q‘u>

dor _or _dout U
dtdq, dq, dt g,  Oq,

aoL oL
— dtdg,  0Oq
for L = T-U"
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b) Application: charged particle in an electromagnetic (EM) field
e the Lorentzian force
F;, = q(E+ (v x B))

is obviously velocity dependent. One can construct a generalized po-

tential U* such that Fi = — %Zf — %%gf . To do so we need to move
from the electric and magnetic fields E and B to the corresponding
potentials:

e EM potentials

E - —vo- 22

ot
B = VxA

¢, A: scalar and vector potentials

<—>FL:q(—V¢—08—?+(vx(V><A)))

e generalized potential

Uur = q(gb—V-A)
_(0U* d oU*

F, = — - = i =1,2
<= (G ~wos) (=129

e Lagrangian

L =T-U"
m
= 5V2—q¢+qv~A
one can show (try it!) that the Lagrangian equations of motion are
nothing else but Newton’s equations for the Lorentzian force. This
shows the consistency of the argument.

e Hamiltonian

H=p-v-1L
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with the generalized momentum components

i = o = mi; +q4;
p O q

note that the generalized momentum vector is in general not parallel
to the velocity vector (due to the occurrence of the vector potential)

— H = (mv+qA)~v—Tv2—|—qq§—qv~A

2
= %V%rqcb
1
= —— (p—qgA)?
2m(p qA)”" +q¢
- F

obviously, H is the total energy of the system (kinetic energy plus
‘electric’ potential energy; the magnetic field (vector potential) does
not exert work on the charged particle. However, in general (time-
dependent fields) the energy is not conserved.

further reading: [GPS]|, Chaps. 1.5, 8.1

2.6.2 Friction

Fricitional forces are also velocity dependent, but they cannot be associated
with a generalized potential. However, one can take them into account by
introducing another function into the Lagrangian equations.

. fric __ .
assume :  F" = —f;1;

N Qﬁ"ic _ Z Ffrlc_ N Z 5sz
Bz
- _Zﬁl g g, (Z 2)

definition: Rayleigh’s dissipation function

Z %2~ Rla i)
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. e — — con fric
Lag. eqgs. : 7o, Og Qu Q" +Q,
_ _oU _or
9q, 04y
d oL 0L OR
— 0

dtdq, Oq, 04,

note the difference to the previous case of generalized potentials U*: in the
present case we have a standard Lagrangian L = T — U and the frictional
force enters the equations of motion thorugh an additional term. In the
former case the velocity-dependent force is accounted for by a non-standard
potential, but the form of the Lagrangian equations of motion is unchanged.

example: free fall with air resistance (1D)

Z
m
1-di
(1-dim) l L = T?—mgz
2
R = géz
4oL 0L OR
oz T M g TPF
hag ga mz+mg+ Bz =0

for the solution of this EoM see, e.g. [FC], Chap. 4.3
for (a bit) more on the dissipation function see [GPS], Chap. 1.5

Let’s end this chapter with mentioning two further topics, which are of
some interest, but which we do not cover (for time reasons).

2.6.3 Lagrange’s equations with undetermined multi-
pliers

This variant can be used if the constraints are given in differential form. It
enables the calculation of the forces of constraint, which is of interest from
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an applied (engineering) point of view.
further reading: [TM], Chap. 7.5; [Tay|, Chap. 7.10

2.6.4 d’Alembert’s principle

This is an independent postulate (involving strange things like virtual dis-
placements and virtual work), which can be used to derive the Lagrangian
equations of motion without invoking Hamilton’s principle.

further reading: [GPS], Chap. 1.4



Chapter 3

Applications

3.1 Central-force problem

3.1.1 Preliminary

Consider the following situation:

1. isolated system (F.,; = 0)

2. fip = —fn B
= —VlU(|I'1 — I'2|) = VQU(|I'1 — I'2|)

3. no constraints — 6 dofs

«— Lagrangian: L = T-U = 7V1—|—7V2—U(|I‘1—I‘2|)
gravity 1 U(jr; —1o|) = s
Ty — 1y

G = 6.67x 107" Nm?kg 2

solar system: Sun + eight planets (plus smaller objects)
let’s estimate the mutual forces. First, a few masses (in units of the mass of

the Earth):
Sun M, = 330.000mg
mercury (the smallest planet) My, = % mg
jupiter (the biggest planet) My, = 320mg

58
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force on Earth due to Sun  fre = Mg Rp
force on Earth due to X — fpx mx R%

H Venus ‘ Mars ‘ Jupiter ‘ Moon ‘
mx [mg| 0.81 0,11 320 0.012
R¥" [Rop| | 0.27 0.52 4.2 0.0026
feo/ fex 30000 | 810000 | 18300 180

— it is a good (first-order) approximation to view the Earth-Sun problem
as an isolated two-body problem

3.1.2 Reduction of the two-body problem to an effec-
tive one-body problem

momentum conservation: P = F.; = 0

with P = MV = (m1+m2)R = M1Vy + MyVy
R = [y + Moty centre of mass (CM)
my + Mo

The CM moves uniformly. Three coordinates are necessary to describe this
motion. Three coordinates are then left to describe the internal dynamics of
the system — the relative motion of the two bodies.

Positions wrt. CM: r,=r,—R (k=1,2)

1 1

= %kaszL%kavijkav;-V
K ! k
—— ———
=0

1 1
— T =Teny+T"; Tom = §MV2 ;o T = 5 E myvy?  (holds for N > 2)
k



For N = 2 one can further rewrite the expressions:

miry + more  (My 4+ mo)ry — myr] — Mary

<1, =r—-R=r-— =
mq + Mo my + Mo
ma ma
= ———— (r;1—1y) = ——
my + Mo mi + Mo
’ miry -+ melg (m1 + mg)rg — M1y — Mayro
ry, = ro—R=ry— =
mi —+ mo mi —+ meo
my
= —— 71
my + mo
with  r=r; —ry=1] -1 “relative vector”
/ ma / my
- Vi=——V; Vo=——-—V
my + Mo mi + Mo

mi 2 mo /2_1 mi1me 2 1 2

o o7 = _ 2 e s 2
2 T Ve T Y my 2P
= e “reduced mass”

my + Mo
1 1 _ M
- T = §MV2+§MV2; U=-ct™=
r

— L = %<X2+Y2+Z’2)+gi~2+(}¥
- L(R,r,i')

- LC’M(R) + Lrel(ra I.‘)

The first three Lagrangian equations are simple (and contain no news):

%:%:%:0 — PX:%:MX:const total
(X,Y,Z cyclic) Py = g—é = MY = const momentum
Py =9 = M7 = const conservation

8z
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3.1.3 Relative motion
a) Lagrangian

choose spherical coordinates (r, 6, @)
. . M
Lrel(r> 97 727 97 QO) = g 722 + (TSO sin 9)2 + (T9)2 + G,u—
”

generalized momenta:

_ oL _ .
= — = Uur 9
Do o6 H
L
P, = g_go = pur?(sin® 0)¢ = const (¢ cyclic)

choose a reference system such that z(0) =y(0) =0 (— 0(0) =0)

po(0)=0=p,(t) = ¢=0

(=0 =—> 2D motion in plane ¢ = const

: M
>y — Ly = g(ﬁ +7%0%) + G“T

now @ is also cyclic and py = ,urzé = const

Newtonian view on angular momentum conservation:
1 = p(r x v) = const for central forces

the conservation of the angular momentum wvector implies

(i) conservation of direction — motion in a plane (L 1)

(ii) conservation of magnitude

[ =plrx v|=pr?0 = p
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this also has a geometrical interpretation: the area per unit time
swept by r(t) is given by

- [
A:§|rxv|:@:const

this is nothing else but Kepler’s second law (see below).

Let’s work out the equation of motion:

0Ly . 0Ly 5 uM

5 M 5 urfs — G—r
o . : M
Eoly Wi = uré? — G'ur—2
. I uwM

b) Hamiltonian, energy, and a qualitative discussion of the Kepler orbits

Hrel = prfr:_l'lé_Lrel
. M
= o= B2 - gt
r

2
2P M
- 5_7’ + 2,72 - G—'u = F,., = const (energy conservation)
I ur T
OL )
. L g
(since o )

= Trad +Trot + Ugrav
= Traa+ Uess(r)
12 M

with Ueff(T’) = 2,u7°2_G .

Traqg = Eret — Ueff(r) >0

— Erel 2 Ueff(r)
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Po =0

~1/r?

U,(1)

>T

Figure 3.1: Effective potential of the Kepler problem (schematic)

From now on use E = E,. (and [ = py)

(1) E = E1 = Ueff(R) — Trad =0

— circular orbit with angular velocity 6 = ﬁ = const
(ii) By < E=FE; <0

—  finite (bounded) orbit in [r;, 7]

(r;,7q : turning points of radial motion, T}eq(7;) = Trea(re) = 0)

with changing angular velocity 6 = —L;

pr?
(iii) £E=FE3>0

infinite (unbounded) orbit in [r3,00) , (in general r == co)
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> T

~ - 1/r

(i) E=FE, <0 finite (bounded) orbit in [0, ;] (cf. free fall)

(i) E=FE, >0 infinite (unbounded) orbit (in general r =% co)
Remarks:

(i) Analysis refers to ‘quasiparticle’ of mass p and relative motion.
For the Earth-Sun system we have
MQmE

p=————~mg; rxrg; M=xM,; R=rg
M@‘I‘mE

and an orbit of type (ii) (for the case [ # 0)

(ii) Similar analysis is possible for other (central) potentials and is
also useful for quantum-mechanical problems

(iii) Quantitative analysis requires solution of EoM
(iv) Further reading: e.g. [TM], Chap. 8.5, 8.6



65

c) Quantitative analysis

starting point : E=5C/24 —

t r

— =ty = /dt’::I:/
to o 2
w

— inversion yields r(t)

t /
obtain 6(t) from 6 = L — 0(t) — by = i/ -
pr 1ty )

the problem with this procedure is that the integral cannot be calcu-
lated in closed analytical form (for the gravitational potential).

alternative consideration: analyze orbits r(f)

dr  drdf [ dr 2 2
=== — — =4/~ (E-U(r) —
"TUw T dedt ur? de \/u( (r) 2,ur2>

0 r !
o s [amsl [
6o H ror \/

1
H(B-UW) - 5)
inversion — 7(6)

for U(r)=—% (k= GuM) this integral can be solved by using the
substitution w = 1/r and the indefinite integral

/ du 1 N ( b+ 2cu )
p— I‘ —
va+bu+cu? —c Vb2 — 4ac

One obtains the Kepler orbits: conic sections (in polar coordinates)
with one focus at the origin (look up ‘conic sections’ on wikipedial)
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1 1
- = = (1 + e cos(f — 9'))
r Q
l2
a = —>0
wk
2F12
e = 1+ >0 “eccentricity”
fuk?

Classification of Kepler orbits

k)2 o )
E = _éT = Lcire
e=10 circle

2
r=a=<L =const
pk

planets
Eupe < <0 (+ comets)
0<ex<l1 ellipse

Tmaz = 1L_€ y  Tmin = 1;_7_5

“aphelion” “perihelion” )
e=1 E = parabola

comets

e>1 E>0 hyperbola

d) Kepler’s laws (1609, 1619)

[. “Planets move in elliptical orbits about the Sun with the Sun at
one focus.”

I1. “The area per unit time swept out by the radius vector from the
Sun to a planet is constant.”

III. “The square of a planet’s period is proportional to the cube of the
major axis of the planet’s orbit.”
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e) Further remarks and references

(i) Instead of using energy conservation (the first integral of the mo-
tion) one can obtain the Kepler orbits directly from the EoM:
Let’s first rewrite 7

Lo ddo_ 1
 dfdt r? df
. d [ dr - d [ dr 2 d (1dr
i o= (=)= (=)= (L
dt \ ur? de do \ pr?de w2r2do \ r?do
r=1/u ﬁ 2i pdrdu 12 o, d*u
- 2V \" Qudg VT

Plug this result into the EoM (3.1) to obtain

d*u(0)
d6?

k
+u(f) =5 =a"

This is a relatively simple inhomogeneous differential equation
that can be solved without great difficulty (try it!). It yields —
of course — the same results for the Kepler orbits as spelled out
on the previous page ([Tay], Chap. 8.6).

(ii)) An analysis of the motion as a function of time can be found in
[GPS], Chap. 3.8.

(iii) It turns out that the Kepler problem has another constant of mo-
tion: the Laplace-Runge-Lenz (LRL) vector A:

A=pxl—ukl
.

where p and 1 are the linear and the angular momentum vectors
and k = GuM.

poof G = b ()

_ J%@x@xﬂ) <

-
IT

T

")

=0

r(r-t) — r’t + r’r — irr




68

Note that in the second step Newton’s EoM in the form p = —%;
was used. It looks now as if we had too many conserved quanti-
ties: 1, A, E involve seven components, which cannot all be inde-
pendent. It turns out that only five of them are; see [GPS], Chap.
3.9 (this chapter also includes a discussion of further properties of

the LRL vector).

Relative motion — two-body motions

Keep in mind that the Kepler orbits are associated with the rel-
ative motion of the two-body problem. If m; > my the relative
motion is a good approximation of the motion of msy, while my is
always close to the centre of mass (CM). If the two masses are not
that different one has to consider the coordinate transformations
discussed in Sec. 3.1.2. If the orbits are bounded, one obtains
similar ellipses of both bodies about the CM.

Deviations from the ideal elliptical orbits in the solar system are
observable. They are (with decreasing importance) due to
* gravitational forces among the planets
x effects associated with Einstein’s theory of general relativity
% solar oblateness (deviations of the mass distribution of the
sun from a sphere)

Further reading: [TM], Chap. 8; [Tay], Chap. 8 (both book
chapters contain proofs of Kepler’s third law).
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3.2 Dynamics of rigid bodies

3.2.1 Preparations

definition: “rigid body”
A rigid body is an aggregate of particles (mass points), whose relative dis-
tances are constrained to remain (absolutely) fixed.

< rigid body consisting of N mass points at positions (rj...ry):

constraints:

. N - .
r; —r;| =¢; =const Vij — ( 9 ) = N(A; U constraints

C () e ()

6

10
15
21
28

O O U = W N
S W ot oy O Ot

]
N

N . .
— ( 9 ) constraints cannot be independent!

In fact, one can show that for N > 2 one has (in general)

3N — 6 independent constraints — 6 dofs

Lagrangian:
1 N N
_ _ 2
L=T-U = §zl:mivi —;U(ri)

Note that internal forces—if present—are neutralized by the constraints and
do not contribute.



70

Chasles’ theorem: the general motion of a rigid body is composed of a trans-
lation of a point and a rotation about that point.

The natural choice for the 3 coordinates of the translational motion are the
(Cartesian) coordinates of the CM: R = & >~ m,r;

Let’s introduce three reference frames:
S,: fixed (inertial) system

Sy: non-rotating system with fixed axes and
with CM as origin

S,
/ Sp: rotating body system also with CM as
origin

coordinates and velocity of i-th mass point:

= R—l—ri

r;

So Stp

= Rtwxry (for details see [TM], Chap. 10.2)

Vi

So St

3.2.2 Kinetic energy and inertia tensor

1 2
T = - miv? )

1 . .
= = misR*+ 2R - (w x 1; + (w X r; }
52 { (w x| x|

1 2
5 i\w X T
Sf’b)+2zi:m(w r;)

-~

SO:%Z<R+(wxri)

i

2

2 St

S

1. . .
= —MR2+R'(UJXZ’)7’L7;I'7;

I =0in I

= Tirans CM system + Thot
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N
1
Tt = = m; <w2r? — (w-r; 2) write it out in body system:
T,
1N 3 ’ 3
= s m{ e = (L) (el }
=1 J=1 J=1 k=1
| N 3 _
S S Y (AN
=1 jk=1
1
= = Ijkijk
2 jk=1
N .
with Ly = Z m,-{(sjkr? - a:l(j)xz(-k)} inertia tensor (inertia matrix)
i=1
1
summary: Trot = 5 w"! w

3.2.3 Structure and properties of the inertia tensor

a) Continuous mass distributions

m; = Am; = p(r))AV;  —  p(r) &°r = dm

N
M:Zmi — /dm:/p(r)d3r
i=1 v v

I

J

w= [ p(r)ddur? —xixpp dr
o= | ofonr - am )

explicitly : 111
I

]33

= Jy (a3 +25)p(r) dr
= Jy (@t +a3)p(r) d*r

= Jy (@t +23)p(x) d°r

“moments of inertia”



Loy = I = — [, x@ap(r) dPr
113 = [31 = — fV xlxgp(r) dg’f’

Ing = I3y = — [, xaw3p(r) d*r
note that [ is symmetric (I;, = Ix;)
b) Examples

(i) Homogeneous cube (I)

X; A

sl

(SIS m\p

[]

else

N\@

= = de/ drs (5 + 23)

NS

M 3
= lef

a
2

) 3
x5 dx2+a/

NI

a
2

B M(a:% 5 a3 )
a\3l-¢ 2 1-g
1
2
= 6 Ma* = ]22 = 133
M
112 = - 1T dﬂ?ldIle’g
a” Jv
M [3 3 3
= 3 T d!L’l i) d!L’Q dl’g
a _a _a _a
2 2 2
M % L3
= —— 7 x
2 1 2
da® Tl Tlog
= 0 = I3 = I

72

“products of inertia”

x2 + x3 dridredrs

73 dl’g)
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(ii) Homogeneous cube (II)

M a pra pa
Ill = —3/ / / (l’g—‘—l'g) dl’ldl’gdl’g
A a” Jo Jo Jo
M

__x_;;’a 3a
 a\ 3 0

T3

0 2
a 2 )
= s Ma” = Iy = I3
> 3
M a a a
112 = ——3/ l’ldl’l ZL’QdZL’Q d!L’g
a® Jo 0 0
M1 2]® 1,
-2 (340) (3 L)
Ma?
= - 1 = Lz = Iy

c¢) Principal axes of inertia

Theorem: For any rigid body and any choice for the origin of the body
system there exists a set of perpendicular (“principal”) axes such that
Ly = 1104

‘proof’: I is a (real) symmetric matrix => can be diagonalized

diagonalization of I <= 3 orthogonal matrix

D'=D" «— (D ')Ww=D; =D,

L 00
such that D"ID=1| 0 I, 0 < Y D} LikDim = mnl,
0 0 I i
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i 0 0
0 0 I k k
= Djmlm
= Z(SjkamIm
k
— Z (Ijk — Im5jk) Dy, =0
k
Ill - Im 112 Il3 Dlm O
< 121 122 — Im 122 ng = 0 , m= ]_, 2, 3
I3 I3 I3z — Iy D3, 0

condition for a nontrivial solution:
det(Ijk - Im5]k> =0
this (cubic) equation is called secular or characteristic equation.

Diagonalization procedure:

(i) Solve secular equation — obtain “eigenvalues” Iy, I5, I3
(ii) Find D by inserting eigenvalues into the system of homogeneous
equations above.

Remarks:

(i) 1) :“principal moments of inertia”; the axes of the corresponding
body system are the principal axes

(ii) Transformation matrix D characterizes a rotation in R3

(iii) The principal moments of inertia are consistent with the equation
I = [, plr)(x* — a3) d*r

(iv) Change of I when moving body system from CM to other origin:
Steiner’s parallel-axis theorem ([TM], Chap. 11.6)

(v) Kinetic energy

. 1
if Ijk = ]k(sjk — Trot = 5 ; Ikwl%
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3.2.4 Generalized coordinates and the Lagrangian
Lagrangian:

L = T-U = ﬂrans_'_Trot_U
— %<X2+Y2+Z’2) +EZIkw2 —U
2 2 £k

This form of the Lagrangian reinforces what is stated by Chasles’ theorem:
the translational motion of the rigid body can be described by the three CM
coordinates, while we need three additional coordinates to characterize the
rotational motion. Recall that we introduced a fixed inertial reference frame
S,, afixed (i.e. non-rotating) reference system Sy with the CM as origin and a
rotating body system Sj, the origin of which is also the CM. The translational
motion of the body (the CM) is described by the transformation from S, to
S, while rotations correspond to the transformation from Sy to Sp:

translation
S, — S

rotation
f S

Theorem: any rotation can be described by a series of three rotations through
the Fulerian angles («, 5,) about designated coordinate axes.

Definition of the Euler angles: (note that other conventions are also in use)

Figure 3.2: Definition of the Eulerian angles.

Remarks:

e rotations are characterized by orthogonal 3 x 3 matrices (det D = 1)
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e rotation matrices form a nonabelian group, i.e., D D, + D,D,

e If we consider a vector r in 3D space, its components in the systems
Sy and Sy are related by

ts, =D D,D vs = Dr,

where D D ;D _are the rotation matrices that correspond to the

rotations through the Euler angles. They are spelled out in Appendix
A5,

Using the rotation matrices D.D,D , one can determine the components

B?
of w in the body system (see Appendlx A 5):

wi = dsinBsiny + [ cosy
wy = dsinfBcosy — Bsiny

wy = &cosfP+7

This has to be inserted in the rotational kinetic energy expression in the
Lagrangian. One obtains:

SRV 2)

1 :
+ 3 {Il(o'zsinﬁsinfy +Bcosy)2 + &(dsinﬁcosv — Bsinfy)2

+ Ig(o'zcosﬁ +7)2} — U(Xayaza 0457)
= L(XYZ,aBy;XYZ,dBﬂ

3.2.5 Equations of motion

. . d oL oL U
translational motion : Giox X — MX = —3x
d oL OL . ou

doL OL . ou
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example: rigid body in uniform gravitational field

U= Zmigzi s, = gzmizi

The EoMs for the translational motion are simple:

. =MgZ=U(2)

o

X=Y=0, Z=—g
If the body rotates (freely) about the CM (see Sec. 3.2.7) one has
ou _ou _ou_
Joa 0B 0Oy
— rotational motion is not influenced by U, but is far from being trivial

(this situation is called motion of a ‘free top’).

In the general case, one obtains a set of second-order nonlinear, coupled
differential equations for the Euler angles «, 3,7 for the description of the
rotational motion (see Appendix A.5). These EoMs can be summarized as:

Ilwl — (IQ — Ig)w2w3 = N1
12@2 - (Ig - Il)wlwg = N2
13@3 - (Il - IQ)(.U:[CUQ = N3

Euler’s equations

N;: components of torque in the body system. For the example with U =
MgZ all torque components N; vanish.

3.2.6 Angular momentum

For details see [TM], Chap. 11.4 and 11.9
recap: angular momentum of a system of particles (cf. Sec. 1.2.2)

L = Z(rixpi)

)

L = ) (nxF)=N

i
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One can show:

L

= Loy + L‘
S, Sy

= M(RXV) +Zmi(ri xvi)

Sy

= M(RxV) +Zm,~(r,~ x (w xri))‘sf

The second term can be rewritten by decomposing the vectors in the body
system and using the definition of the inertia tensor. One obtains

[~

L‘ =lw
Sy

Note that ths is the angular momentum measured by an observer in Sy who
does not rotate with the rigid body (otherwise he would find L = 0). But
the components of this representation of L refer to the body system Sy, i.e.

.= g Ljwy,
b k

L;

Sp

Remarks:
(i) L; = I; w; in principal axes body system
(ii) in general L }f w  — motion of rigid bodies is complicated!

(111) Trot: %ij[jk Wk Wj:%Zij u)j:%L~w
| orincival . T 1ZL 1ZL§.
1 principal axes system : rot = = s = — L

Note that this is the rotational kinetic energy measured by a non-
rotating observer (otherwise she would measure T,,, = 0).

If one rewrites L = N in body coordinates one reobtains Euler’s equations

L, . = Lin — (I, — I3)waws = Ny
b

LQ s = ]2@2 - (]3 - ]1)(4)3(4)1 = N2
b

Lg s = ]3@3 - (]1 - ]2)001002 = N3
b
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3.2.7 Applications: symmetric tops

top: a rigid body which is free to turn about a fixed point. The top is
torque-free if the fixed point is the CM and U = MgZ (see above).

a) Free spherical top: [ = I, =13=1

wg =0 —  w(t) = wr(0) = const
— body rotates uniformly about fixed axis

b) Free symmetric top: Iy = I, =1, I3 # 1

Two cases can be distinguished:

‘prolate’ top: I > I3

3 ‘oblate’ top: I < I3

Euler : Twy + (I — Ig)wgwg = 0
[@2— ([3-[)003001 =0
I35 = 0 = ws(t) =ws=const
define:  Q:= 521 ws (= const)

d)l + QWQ =0 (1)

(i)g — Q(A)l =0 (2)
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decouple:
1
(1,) . w1+Qw2:0 <~ wgz—ﬁ (I)l
1
(2) : —g G Q=0 &y + QPw; =0

— general solution : w;(t) = C} cos Qt + Cy sin Qt
(1" : i (C’l cos 2t + Cysin Qt) = —Quwy
dt
< wo(t) = Cysin Qt — Cy cos

< initial conditions: wy(0) =A, wy(0) =0

wi(t) = AcosQt

wo(t) = AsinQt (components of w wrt Sy)
ws(t) = ws = const
lw| =4/ A% + w? = const
Visualization:
Q<0 34 Q>0
( C ; “free precession”
I, TAcosit
o(t) L= Trwo = T Asin Q4
[3&]3 [3(4)3
Ly T3ws w3 w3
prolate : = <« 2___ 7
vVIi+13 1A A w3
I
oblate : i > o

IA A
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prolat+- oblatz=:

34 34

w,L,e; arein a plane at all times (show e3 - (w x L) = 0)

1 1
Trot = 2 L w= 2
To better understand the motion of the torque-free top one has to look
at it from the viewpoint of the inertial reference frame Sy. This can be

done in two ways:

(IA® + Iw3) = const

(i) A qualitative analysis starts from noting that the angular mo-
mentum in Sy is constant (since N = 0). Our solution seems to
contradict this, but the time dependence of the components of L
is a consequence of decomposing it in S,. When viewed from Sy,
L is fixed, while w and the 3-axis of the rigid body are precess-
ing. The motion of the rigid body can be visualized by considering
two cones, the so-called body and space-fixed cones, see, e.g. [TM],
Chap. 11.10 for details and illustrations.

(ii) The quantitative analysis involves the determination of the Eule-
rian angles. This can be done by comparing the explicit solution
obtained for w in S, with the general expression derived in Ap-
pendix A.5:

Acos it drsin Bsiny + Bcosy
w=| AsinQt | = | asinfBcosy— Bsiny
w3 acosf+ 7
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We know from the previous analysis that the angle between L and
the 3-axis of Sy is constant (steady precession). If we choose the
3-axis of Sy to point along L this angle can be identified with the
Euler angle § = [y =const.

Acos 2t = csin By sin vy
— | AsinQt = &sin fycosy
w3 = &cos By + 7

— A2 =a%sin’ By = G = +— = const
sin [
We obtain: N
_ —1{ 14
By = tan <—13w3>
()= - £7

Interpretation: «(t) characterizes the steady precession of the
symmetry axis of the rigid body about the 3-axis of Sf, §y the
constant inclination of the symmetry axis, and ~(¢) the rotation
of the rigid body about its symmetry axis.

¢) The heavy symmetric top: N # 0

e El T .=
—=" | Tl em e A -

o N T la

LY 'E:'F'I' PR R -d-'p,_..‘ *:‘ir. -:i 1 ki md-:l.-lu-n: o fu.ﬂﬂ. [yl 'T'r'T'-'

(i) Potential energy
U=MgZ o= MgScos g =U(B)
1
(ii) Kinetic energy

1 1 .
Trot = §[l(wf+w§)+13w§] =...= 5[[(022 sin? B+ %)+ 13(c cos B+7)?]
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(iii) Lagrangian '
L=Tw—-U= L(ﬁ,a,ﬁ,v)

— «a, v cyclic and

OL

Pa = Z2= Tasin? B+ I3(c&cos® B+ 7 cos 3) = const
OL

Py = o = I3(&cos B+ ) = Isws = const

> pa = Idsin®B+p,cosf

(iv) Analysis
Instead of working out the EoMs let’s look at the (conserved)
energy of the top and do something similar to what we have done
for the central-force problem in Sec. 3.1:

1 )
E=H="TutU = 5[1(@2 sin? B+(2)4I5(c cos f47)%+MgS cos 3

We can eliminate & and ¥ by using the constant momentum com-
ponents and obtain

1 -y 1(pa—pycosB)?  1p2
E = —If?+4= i — 2+ MgS
2 b +2 Isin? B +2[3+ 95 cos 5
1p?2 1.
= F--"2 = F=-I3+1U,
5T, 5 B+ Ues(B)
_ 1 (po — p~ cos B)?
with Ug(B) = §(p [£;2ﬁﬁ) + MgS cos 8

A formal solution is obtained from rewriting the equation for E’ as a
differential equation for 3:

B:i\/i(E,—UeH(ﬁ)) = /dt:i/\/g(ElcjﬁU (B))

Inversion yields $(¢), which in turn can be used to obtain «/(t) and ~(t)
from integrating

Do — D~ cos B(t)
I'sin? 3(t)
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Unfortunately, these steps cannot be carried out analytically. A more
qualitative discussion can be based on inspecting U.gz(3), which is a
u-shaped function:

S|

For-wu i

200
180+
160+

140+

120+

100+

80

60

40

204 e ’
| i Ir :
L .\ lEj_‘:l J

v ’&_ 1

B 05 1 1.5 25 1 3
B uus s

Observations

(i) Shallow minimum at Gy: If E' = Ej = U(fy) we have steady
precession at a fixed inclination angle. This can be analyzed in

more detail by inspecting dggff =0.

(ii) For E' = E} > Ug(Bo) the inclination angle varies between [y, 52
with 0 < 7 < 8 < fy < w. This is called nutation. Depending
on whether or not & = 222125 (hanges sign in the allowed
[-interval three different types of motion can be distinguished

Isin“ 3
(monotonic precession, looping motion, cusplike motion).

For details and illustrations see [TM], Chap. 11.11.
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3.3 Coupled oscillations

3.3.1 An illustrative example: two coupled oscillators

\\\\\%\\\\
NANNNANNNA

mi . mo . 1
1o M 2__<k1q§+k2q§+km(ﬁ—2q1q2+qf§)>

= 2 ql 2 q2 2
Obtain equations of motion:

d OL oL

—_ = = i = ks — ke _

dt 04 miqy, D 191 12(611 Q2)
d OL oL

— = G — =k k —

dt 0d Maqo, 4y 22 + k12(¢1 — ¢2)

Lok k
= Gt gt (- a) = 0
mi mi

. k k
o+ — o + E(612 —q) =0
ma ma
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special case #1: k12 = 0 (no coupling)
g (t) = Aycos(wat +60x), A=1,2; wy=4/—
special case #2: my =mo =m, k1 = ko =k

k + k1o k1o
G ——q = 0
m

— c'jl+

The form of the (internal) potential energy suggests the following trans-
formation to another set of coordinates Q)y:

Q1 = %(Q1+Q2)

Q2 = %(Ch—CIz)

Inserting the inverse transformation into the equations of motion and
adding and subtracting them yields the uncoupled equations and solu-
tions

. k k
Q+—Q1 = 0, Qi) =Aicos(ut+0d1), h=4/—
m m

2 k + 2k —
Q2 + %Qz = 0, Qat) = Azcos(t+d), Q= %

so that we obtain

q1(t) = Ay cos(t + 1) + Ay cos(Qat + o)
Go(t) = Aqcos(Qt + 61) — As cos(Qat + 09)

as general solutions.

Discussion

(i) @1,@2: “normal coordinates”, 1, €s: “normal frequencies”
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(ii) pick initial conditions: ¢;(0) = ¢2(0) = A, ¢1(0) = ¢2(0) =0

AN SAN AN

AU O AN SN
A

NN\

¢1(0) = A= Ajcosdy + Ay cosdy
¢2(0) = A = Aj cosdy — Ay cos by
G1(0) =0 = —A:Q sind; — Ay sin by
QQ(O) =0= —A1Q1 sin 51 + AQQQ sin 52

— A1:A, AQIO, (5120

symmetrical

= q1(t) = Acosht = ga(2) normal mode

(ili) pick initial conditions: ¢1(0) = —¢2(0) = A, ¢1(0) = ¢2(0) =0

NN\

antisymmetrical
normal mode

{

q1(t) = AcosQot = —qo(t)

(iv) Note that o > € reflects the fact that more energy is stored in
the antisymmetrical than in the symmetrical mode.
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(v) Consider a variant: hold ms fixed, i.e., introduce the constraint
g2 = 0.

EoM . k+k
— @+ Zu=0
m

general solution:

k+ ko
m

q1(t) = Ay cos(wot + 61), wo =
Similarly, one finds for ¢; = 0:

Go(t) = As cos(wot + 02)

Observation: the ‘common frequency’ wq splits into two frequen-
cies according to €01 < wy < {29 if coupling is turned on.

(vi) pick initial conditions: ¢;(0) = A, ¢2(0) = ¢1(0) = ¢2(0) =0

ANNANNNN

solution:
A Q)+ D)t Q — )t
() = —(cos Qt + cos Qgt) = Acos (1 + ) cos (& 2)
2 2 2
A Q + D)t Q — D)t
@(t) = §<cos Q,t — cos Qgt) =-A sin( 1—; 2) sin( ! 5 2)

— beats
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7 [N aN

o
LI . 3 O O |

.
e
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t

o

Figure 3.3: Beats for ; = 1, Qs = 1.5; black curve: ¢(t), red curve: go(t)

special case: k2 <k (weak coupling)

i (t) = Acos At coswot } Oy ko

A= ok <y, wo
q2(t) = Asin At sin wgt

I tl
H ’{ h

- I
T T r T T T T T T T T T T T T T T T T
0 50 100 150 200 250

t

Figure 3.4: Beats for £y = 1, 2y = 1.05; black curve: ¢(t), red curce: go(t)



90

3.3.2 Lagrangian and equations of motion for coupled
oscillations: general case

Let us characterize the systems of interest by the following properties:

(i) At most holonomic constraints
(i

) Time-independent transformations x; <— ¢,
(iii) Conservative forces
)

(iv) System is in vicinity of stable equilibrium

 L=T-Uy—-U = T-U

H=T+U=F = const
e Taylor-expand U(q) about equilibrium configuration q° = 0

ou 1 0*U
U(0) + — + = —
\(,.2 Zu: dq, ‘0 LN %; 0q,0q, o

=0 :0

U(q)

Q

Qudy +

02U
~ U v v < v UV )
Z wuq o 8(]#86],, 0 K
° T:;7$? with T; = ;8—% Ay
1 .
= T = B Z 110() 4o
Qv
with TMV(q) = Zz:mz aqu aqy = Tuu(q)
Taylor-expand: TW( ~ TW Z—’ g\ ~ W(O) =T.,=1T,
(0™ order for T},,(q) is consistent with second order for U(q))
1 .. L. T
— L= 5 Z (T;quqy - U/qu(JV) = 5 (q gq —-q QQ>
Qv

note that the matrices T’ and U are symmetrical



Lagrangian EoMs:
oL oT 1
a5 — a. & Z Tul/ (6;1)\@/ + 61/)@/1)
gn 94 245
1 ) 1 .
= 5 Z T)\I/ql/ + 5 Z Tu)\qM
o

= ZTAuQM
“w
oL  oU

—_—=— = ... = U
oq oqx ; Ml
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= Z (iju + Um%) = 0, A=1,...,n forn dofs

i
I4+Uq = 0
explicitly:
T Ty, Q1 Ui Utn "7 0
: N B f : =1 :

3.3.3 Solution of the EoMs

a) Simple situation: uncoupled oscillators

characterized by T\, = o\, T\, Uxy = 0x,Ux

EoMs . U
(JA"‘—AQA:Oa )\:17"'7,”
T
. U
solution : qr(t) = Ay cos(wat + dy) Wy =4[ =



92

b) Intermediate situation: diagonal T-matrix

characterized by Ty, = Tx0x,
EoMs ..
— T)\Q)\—FZU)\H(]H:O
m
transformation (i): ¢\ = vVT\qx
EoMs

— §A+ZSAMQMZO
m

Uy
VINT,
S is symmetric, positive semi-definite matrix, i.e.,

S = Sux ETé E>0 V £={&..6.} #{0..0}

= S can be diagonalized; eigenvalues are real (since S is symmetric)
and non-negative (since S is positive semi-definite)

with Sy, = “dynamical matrix”

That is, there is an orthogonal transformation matrix V. (g_l = KT)
such that:

Q2 0
VISV = =0*, (>0
0 02

This motivates transformation (ii):

Q=V"q < q=YQ
ST rQ o+ svQ=o
VIVG o+ VISVQ=0

= | aiwq-0
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— Qr+2Q\ =0 A=1..,n

solutions : Qr(t) = Ayxcos(t+ 6y)
T T

normal coordinates normal frequencies

Recipe:
(i) Set up and diagonalize S: solve secular equation
det(S,, — Q30,,) =0

— obtain
0<VB<<..<O

(ii) Insert Q3 into matrix equations to obtain V :

Z(S;w - Qiéﬁw)vl/)\ =0

v

(iii) Obtain

) = ——1q
qu = u(
\/Tu
= Z 2 A, cos (Qxt +0y) w=1..n
A VT“
Applications

example (i): two coupled oscillators again (cf. Sec. 3.3.1)

The Lagrangian can be written as:

1, . . my O a1 ) ( ki +Fkia  —kio
— L=—- y . - ’
2{(q1 ¢2) ( 0 mo ) ( G2 (41, 62) —kioa ka4 ko

)(

q1
q2

)}
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diagonalize S, = \/UT“LT
ply
ki+kia 0?2 _ ki
mi Jmims
— =0
_ k12 kotkia 02
Vs ma
(kfl +ki2 Qg) (kfz + ko Qz) kb —0
mi mo mi1me

1

<k1 +7€12_]€2 +k12>2+ 4]‘7%2 ]E

2

N Q%72:+%<k1+k12+k2+k12>i1

my mo mi mo m1Mme

for the special case m; = =m , k1 = ko = k one reobtains

mgy
Q, = E’ Qy = [k + 2k
m m

example (2): longitudinal vibrations of a linear triatomic molecule

k k
s VRV e
q dz ds
M 1
o 7= (i+id)+5 =5 > i



k k
o U = §(Q1 - Q2)2 + 5(613 - CI2)2
k
= 3 <Q% + 22 + q§ —2q1q2 — 2612613)
1
= §ZUw/ququ
ng
k -k O
— g: -k 2k -k
0 -k k
o Su U
T,T,
k k
m _\/mM 0
— éz _k 2k K
vmM m vmM
0o = L
mM m

e solve characteristic equation

k_ 02 __k_
< - —— 0
k2% _q2 __k_ |=0
mM m vmM
0 __k k _QZ
vmM m

95



— 92(92 E(H%m))
— =0

0, =0, 92:\/5, 93:\/miM(2m+M)

transformation matrix (= eigenvectors)

k 2 k
m VmM 0
Kk %_92 __k
< vmM M A vVmM
0 __k k QZ
vmM m A
=0:
%Vvll - \/nlz—M‘/ﬂ =0
k k
- /—M‘/ll + M}fl - /—m]\]g‘/?)l =0
—7=Var + Va1 =0
— k
—— V=0
a7 V22 =
\/iiM‘/u_'_k(M )‘/22_\/727]\4‘/32_0
~ it V22 =0
=k (2m+ M)
Mk‘/l?) \/n]z—M‘/% =
——r]zM 13 %‘/23 - T]zMV?’?’ = =
— A _Vos — 2V = 0
VM 23 m V33 —

Via 0
Vox | =10
Vi 0

96
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normalization:
2m M
1+)=1 =
—  ao“(1+ M) a A om
1
282=1 «— pf=—
B B 7
1M 2m
l4+=-—)=1 =
7 2 m) " M+ 2m
™ 1 M
M+2m 2\ 2(M+2m)
™ I M
M+2m V2 2(M+2m)
e general solution
1 1 M
t) = ——— t)+ — t) — t
1 2m
t) = ——— O+ t
1 1 / M
t) = ——— t) — — t) — | ———— t

with Qi(t) = Ait+B; (Q1=0)
QQ (t) = Ag COS(QQt + 52)
Qg(t) = Ag COS(Qgt + 53)

e initial conditions to bring out normal oscillations

case (i) :

—

1(0) = ¢(0)=4¢3(0)=0
@1(0) = ¢(0) = ¢3(0) = vy
(t) = q(t) = qg3(t) = vot

< translation of entire molecule



insert

> (U

VA

case (ii) : @(0) = A=-¢(0), ¢(0)=0
¢1(0) = ¢2(0) = ¢5(0) = 0
=  q(t) AcosQqt = —q3(t)
2m
case (iil) : @(0) = ¢(0)=-4, ¢(0)= WA
@1(0) = ¢2(0) = gs(0) =
- a1 (t) = —Acos Qgt = Q3(t)
2m
@(t) = ﬁA cos (3t
e visualization of normal models
Q : * — ° — ° — translation
Qy ° — ° o
Q3 : — o °*— +— o
c) General case (just briefly)
o FEoMs: Z <TWc'jV—|—UWq,,) =0, pw=1..n
e ansatz (motivated by case b)):
@) = D ViaQa(t)  with Qx(t) = Aycos(Qut + 6))
A
— qu = Z VV)\Q)\
A
= - Z VI/)\QiQ)\
A

— O3, 1/) Viaa@x =10

98
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since () are linearly independent, one has:
> (U = 93T, ) Vir = 0 (¥)

e This set of equations has a nontrivial solution if:
det (U = BT0) =0
= obtain 0 < 03 < ... < Q2

e Insert Q3 into (%) to obtain the transformation matrix V. One
imposes the orthonormality relations

VITv =1

and verifies

V'u

<
[}

i.e. Uand T are diagonalized simultaneously.
Details: [TM], Chap. 12.4, [GPS], Chap. 6



Appendix A

Supplementary material

A.1 Energy conservation of a conservative N-
particle system

q pr = Fk+ZfM
— Z];f,ﬂ«-vk = Zk:mliz-l\'fk-vk—ZFk-vk
;"hs: = 3 dthkvk+kaUk dr’f
_ %Z(%VHUR(M( )

=$z@ww>
lhs : = —Z<fki'vk+f2‘k‘vi>

i#k

= _kaz k:_Vz

i#£k

100
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define : ry, = Ip—7r;

Vii = Vip—V;

— kaki = VkiUki:_viUik
— i = _kaki:_vkiUki

1
—  Ihs = 5D fui Vi

D)

ik

—  lhs —rhs =0

d _
a(;(TkjLUk)Jr%;UM) =0
d

E<T+U) — 0

A.2 Does S assume a minimum for the actual
path (i.e., is the stationary point always
a minimum)?
(i) Prelude: U(z) =0

L:%ae?:T

The (Lagrangian) equation of motion & = 0 implies & = vy = const.
Recall the definition of neighbouring paths

z(a,t) = x(t) + an(t)
tla,t) = (t) + an(t)

with — n(t) = n(t2) =0
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t2
m / (o, 1) dt
2 th

[ i ma [ awi) @ el i a

t1 t1 t1
to m to
Sactual + mavo/ n(t) dt + —a2/ 177 (t) dt
t1 2 t1
ta MM o 2 .9
Sactual + mavon(t)‘tl + Ea n (t) dt
t1

Sactual + ﬁ

with 3 = Za? fttf n*dt > 0. We do have a minimum, since S(a) >
Sactual-

(ii) Let’s add a potential

L_EI —U(x)

and Taylor-expand U around the stationary point

U(xz(a,t))

du

_} 1d?U
dx 'o=0

2 dx 2‘040

— Ux) - F(x)an - %F’(:c)oz Pt

= Ux)| _ + an+ - "+

insert this into S:

— /QL(x(a,t),i"(%t)) dt

S(e)

t1
m
2

to

#(t) dt+moz/t2 #(£)n(t) dt + %oﬂ/m P2 (t) dt

t1

—/: U(x(t))dt+a/tl F(z(t)) dt+%/1 F'(z (t)dt + O(«

:[(

m .o

"~ U()) di+a [ ® i+ Flay) dt

2 2
+ % / (mi? + F'(z)n?) dt + O(a?)
t1

to 2 to
Soctual + am/ (@0 + &n) dt + %/ (mff + F/(x)ﬁz) dt +O(a?)
t1 t1

’)
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t2 to . to
I, = / (:bﬁ+:'tn)dt:/ :tﬁdtjt:tn‘tj—/ indt =0

t1 t1

¢
to ' to t2
I, = / (mf)2+F'(:c)n2) dt:m/ f;zdt+/ F'(z)ndt
t1 t1

t1

the term linear in o always vanishs, but the second-order term can be
anything, since the second integral in I can be positive or negative (or
zero). Let’s check two simple examples:

Example 1: homogeneous gravitational field

F=—-mg — F'(z) =0

to
<—>12:m/ ndt > 0
t1
in this case we have a minimum, since S(&) > Sacual-

Example 2: linear force

F =kx —>F/($):]€>0

to
I, = / (mn? + kn?)dt > 0

t1
this also yields a minimum, but for the harmonic oscillator i.e., for
F = —kx we can’t draw any conclusion from our expression for I5.
Indeed, one can show that—for long enough time intervals—the sta-
tionary point of the action is a saddle point in this case.

A.3 Differential constraints
m differential constraints can be characterized by

3N
Zaijdxj—l—ait dt =0 ; i:l,...,m

j=1
e.g. rolling disk (previous example (vii) in Chap. 2.2.1.a):

drey £ (Reosp)dy =0,  dycoy = (Rsing)dy =0



— an = 1, as =1
ayy = FRcosy, asy = TRsinp
all other coefficients including aq; and ag; are zero

=0 scleronomic
if Qi
#0 rheonomic

< total differential of a holonomic constraint f(z1,...,z3y) =0

3N 8f
df (v, ..., 23n) = —— dx;
1 3N ;893] J
= Vf-dr  (with V = (Jy;, ... Orsy))

— reobtain f by integration

f(x1, ., x3n) = /df = /Vf -dr (path — independent)

orf of
8xj8:cl B 8I18$j
(fulfilled, if f sufficiently well-behaved)

—

3N

— differential constraints Z a;j dv; + ay dt  are holonomic

j=1
T aa,-j _ Oail . aa,-j _ aait
0x; ox; = Oxy Oz

proof: for holonomic constraint f;(z1,...,z3y5,t) =0

3N
Ofi ofi .,
A = D gy duy+ 5 dt=0
7j=1
3N
= ZCLU dl’j + aj dt with Q5 = %, Qi = aaj;z
J

=1

104
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f fulfils integrability conditions

>Pfi Pfi >Pfi fi
Ox;0x; Oz 0r; = Ox;0t  Otdz,
I I I I
8ail 80@' 8% ZMU
Ox; ox; ' O ot 4-€

One can use the integrability conditions to check that the constraints of the
rolling disk are not holonomic.

A.4 Details regaring the proof of equivalence
of Newton’s and Lagrange’s equations of
motion

Let us look more closely at the force components in

oL oU N

Basically this is a (tedious) counting exercise:

(i) external forces:

Uk(rk) = U1(1’1$21’3)+U2(ZL'41’51’6)

1=

+ ... +Un(z3ny_223n_123N)

= Uext(xh Ce ,.C(}gN)

— external force on k-th mass point: F, = —V .U, — m-th component
of the force on k-th mass point:

a a(]ext
Fr=—S Uy =-
F dzm " oxyr

(k=1,..,N; m=1,2,3)
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explicitly:
FklEF]g::_a_ieUext
2 — Yy __ o)
Fe=he= =gy len | F;, = _ ext , i=1,..,3N
0:)3,~
FkgEFkZ:_%Uext
Lol Lol \J 1 \J
F F Fj Fy Fs5 Fg Fsn—2 Fsyo1 Fan

(ii) internal forces (note that Uy, = Uy,):

fz’j = szzg == _VjUij

N — _
D Uij(ri—1j) = Un(z12025, 742526)
j<i

+ Usy (1’11'21’3, 1’71’81’9) + ...+ U32(£L'4£L’5ZL'6, 1’7123'8113'9) + ...

+... 4+ Unn-1(T3n_523N—4T3N_3, TaN_2T3N—1L3N)

some examples:

oU 0 - = 2
_8—261 = _8—:1;1(U21+U31++UN1>
8 ) ) B N
- _8—351(U12+U13+---+U1N) = fi = Zflmﬁ
j=1
3N
= > Iy
=1
o0 o :
_87 — —87(U21—|—U23—|—U24+...+U2N)
5 5

N 3N
= fi = ngg = Zfsj



oU 0 - — -
_ - — U U o+ UNnN—
Dan ang( N1+ Un2+ ...+ Unn-a)

N 3N

= [ =D _fiy =D faw
j=1 j=1

' o0 3N

< in general : — . = e = ; fij

with matrix f;;(3N x 3N) of the following structure:

i\j|l1 2 3[4 5 6|7 .. ..|3N-2 3N-1 3N
1 o0 0fx 0 0fx X 0 0
2 |0 0 0[]0 x 0]0 0 x 0
3 J0 0 0[]0 0 x]|0 0 0 x
4 Ix 0 0]0 O O0|x X 0 O
5 10 x 0]0 0 0]0 0 x 0
6 |0 0 x|[0 0 0|0 .. .| 0 0 x
7 [x 0 0lx 0 0[0 0 O

I : 0

3N

summary: f; #0 if 1<i=7£3n<3N; (n=1,..,N-1)

0(7 3N
it follows : — = fii s 1=1,..,3N
Ox; -
7j=1
<~ —VZUU = fij , ,7j=1,... N
d oL oL =
== - - =p;— Fi — i =0
N
= pe=Fi+> fi;, k=1..N

Jj=1

107
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A.5 Some details regarding rigid body dy-
namics

Any rotation about a fixed point can be represented by a series of three
rotations about designated axes through the Eulerian angles (a, 3, 7).

coordinates coordinates
wrt. Sy wrt. Sy

(@), ah,ay) S (a2 af) o @) s (11, w, 1)

er:D D D I‘Sf :Qrsf

=y = B — «
Each rotation is characterized by a rotation matrix. The product of these
matrices (note their order) characterizes the resulting rotation.

rotation 1: rotate reference system Sy counterclockwise through o about -
axis:

xy cosa  sina 0 x

i _ 4 / /"
xy | = —sina cosa 0 @ (r"=D rs;)
xh 0 0 1 xh

rotation 2: rotate the new system (S”) counterclockwise through g about
" :
x-axis:

Yy 1 0 0 xy
zy | = 0 cosf sinf xh (" =D 5 r’)
) 0 —sinf cosf xh

rotation 3: rotate the new system (S”’) counterclockwise through ~ about

xYy -axis:

X cosy siny 0 xy
xg | = | —siny cosy 0 xh (rs, =D
T3 0 0 1 e

n
'Yr )
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multiply the matrices:

D —

D D

¥y =8=a
cosacosy —sinacos fsiny  sinacosy + cosacosfsiny  sin [siny
—cosasiny —sinacos fcosy —sinasiny 4 cos acos fcos~y sin 3 cosy
sin oz sin 3 — cos asin 8 cos 5

I
— s

Since the total rotation consists of three rotations, the angular velocity
vector w (which describes the orientation of the body system) is the sum of
the three corresponding angular velocity vectors:

W =w, +ws+ w,
We need to find the components of these vectors in the body system.

(i) w, points in x4-direction in the fixed system (cf. rotation 1). The com-
ponents of this vector in the body system are obtained from applying
Q = 2 o7 Q B Q a:

v 0 arsin Bsiny
Wy = Gy = D\ 0 = asin 8 cosy
Sb . - . .
Qs Q@ acos 3
|
0 (note that the componentes
D D 0 of w, do not change
== . . .
a during the first rotation)

(ii) wp points in 2f = 2!’ direction in the systems S” and S”. The com-
ponents with respect to the body system are obtained from applying

D
=
B 8 Beosy
Wi, = Ba = 27 0 = —[sin-y
b B 0 0



(ili) w, points in 5" = x3 direction in the S and the body system:

8! 0 0
“ Sp - 7 - 2 v O - 0
V3 Y v

Collecting terms yields wy = ¢ + B + Vi
wi = dsinBsiny + 8 cosy
Wy = o'zsinﬂcosv—ﬁsinv

wy = &cosfP+7

In the principal axes body system we have

1
Trot = Q;Ikwlz

1
= 5 ([1&]? + [2(4{)% + [3(A)§>

1 . )
= 3 {]1 (&*sin® Bsin®y + 5% cos® v + 2¢F sin 3 siny cos y)
+ Iy (d2 sin® B cos? v + % sin® v — 24 sin 8 sin v cos 7)
+ I (d2 cos? B+ 42 + 2 cos B)}
= Trot (ﬁ% 0557)

We are after the Lagrangian equations of motion for

Lot = Toop = U = Tr (7,685 ) = U )

d (0T, OT,or oU =«

— — | — = —— =70

dt\ dqy oq oqy _
q3 =7

Let’s look at one coordinate explicitly:

110

43 =7 -
Tro L d 9T, . Ch .
° a&yt = 13(7+acosﬁ) %8&; = [3<acosﬁ—a581n5+7)
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. 5 ! I <a2 sin® Bsiny cosy — 3% siny cosy + &3 sin 3 cos® ¥ — @B sin 3 sin’ fy)
Y
+ [2< — &2 sin? Bsiny cosy + 32 sin y cos 7y — dﬁsinﬁcoszv + &f sin B sin? 7)

Ig(dcosﬁ — &Bsin +&)
<y  FEoM: — (]1 — Ig) { (d2 sin? 8 — ﬁQ) sin 7y cos 7y

X ou

+ o’zﬁsinﬂ(coszv —sinzv)} = —5

Y

One can show that this equation can be written in the form

ou
Iyws — ([ — I =——
3W3 ( 1 2)w1w2 By
let’s check:
Wiwy = (d sin B siny + £ cos fy) (d sin B cosy — 3 siny)

= &?sin® Bsiny cosy + @B sin S cos?
— 32 sin y cosy — & sin B sin®
= (d2 sin 3 — 52) siny cosy + o'zB sin5(00827 — sin? 7)

Similar (quite lengthy) calculations yield EoMs for ¢; = o and ¢ = f:
g1 =

d{ ([1 sin? v + I, cos? 7) sin? 8 + I3 cos® 5}
+ 2@5([1 sin?~ 4 I, cos? y — ]3) sin 3 cos 3
+ 2025([1 — 12) sin? B'siny cosy + B(Il — 12) sin (3sin 7y cosy

+ (Il — 12) cos (3 sin 7y cosy
ou

+57{(11—12)(cos27—sin27)—Ig}sinﬁ+ﬁ[3(;osg = 5
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Q@ =p5:

d([l — ]2) sin (3 sin 7y cos 7y
+ &2 (]3 — I sin® v — I, cos? 7) sin 3 cos 3

+ o’d{[g + ([1 — ]2)(cos27 — sin? 7) } sin 8

+B(h cos?y + Irsin®v) — 257([1 — L) sinycosy = —g—g
Let’s consider linear combinations of the three EoMs:

1

Ly = (I = Is)wows = sin 3 ( — sinvg—[aj — sin 3 cos vg—g + cosﬁsinyg—g>
= M
1

Ipdn = (Is = I Jwswr = sin 3 ( B 60572—(] T SmﬁSIHVg_g + cosﬁcongU)
= N,
Summary (using N3 = —37):

[1@1 ( Wolg =

;)
Ly — (I3 — I )wswy = Euler equations
I3 — (11 — Iy)wiwn =

- eunlldn = M) = (- [ =0

1 (ijk) even permutation of (1,2,3)

with €ijk = -1 (ijk) odd permutation of (1,2,3)

0 else
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